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ABSTRACT: A theory was developed to describe the equilibrium partitioning of a flexible polymeric solute
between a dilute solution and a medium consisting of a randomly oriented array of fibers (e.g., a fibrous
membrane or gel). The fibers were regarded as long, rigid cylinders, and the solute was modeled as a
chain consisting of n mass points joined by n — 1 rectilinear segments. Results were obtained for freely
jointed chains and for chains with fixed bond angles, using a combination of analytical and computational
(e.g., Monte Carlo) techniques. The predicted partition coefficient (®, the solute concentration in the
fibrous material divided by that in the bulk solution) proved to be sensitive to the number of fibers included;
typically, 50 or more nearest-neighboring fibers were needed to obtain a convergent result. The values of
® decreased as fiber volume fraction, molecular size, or number of mass points was increased selectively.
As the bond angle was increased from 0° (a chain folding back on itself) to 180° (a rodlike chain), ® first
decreased and then increased. The model predictions agreed reasonably well with literature partitioning
data for various polymeric solutes in hydrogels, especially when the radius of gyration was no more than
a few times the fiber radius. With the radius of gyration specified, the model predictions were fairly
insensitive to whether the bond angle was fixed or random.

Introduction

The equilibrium distribution of a macromolecule
between a solution and a porous or fibrous material is
a critical factor in size-exclusion chromatography and
in certain membrane-based separation processes. Ac-
cordingly, there is considerable interest in predicting
how the partition coefficient will depend on molecular
size and other parameters. The partition coefficient (®)
is the concentration of the macromolecular solute in the
confined phase (chromatography bead or membrane)
divided by that in the bulk solution, at equilibrium. For
fibrous membranes and gels, which are the focus of the
present work, the concentration in the confined phase
is based on the total volume (including solids).

Fibrous materials and polymeric gels often have
disordered structures, which suggests that they be
modeled as arrays of randomly oriented fibers with
fluid-filled interstices. The simplest approach is to
assume that the fibers are rigid and of uniform size.
The partitioning of macromolecules in such a system
was investigated first by Ogston,! who used geometric
arguments to derive the probability density for encoun-
tering the closest fiber at a given distance from an
arbitrary point. Integrating that probability density over
all possible separation distances yielded the partition
coefficient for a spherical molecule. The result was

r.\2
d = exp’—qb(l + —s) 1)

I

where rs and r; are the solute and fiber radii, respec-
tively, and ¢ is the volume fraction of fibers. Equation
1 illustrates the key feature of partitioning governed
by steric interactions, namely, that ® decreases with
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increasing molecular size. The validity of eq 1 for dilute
solutions of spheres has been confirmed by Fanti and
Glandt? and Lazzara et al.,® using other theoretical
approaches. For concentrated solutions of macromol-
ecules in equilibrium with fibrous media, results have
been obtained for uniform spheres? and for mixtures of
rigid particles of arbitrary shape. There is an analysis
also for arrays of charged fibers in contact with dilute
solutions of charged spheres.*

In contrast to the situation for rigid macromolecules,
there appear to be no theoretical results for the parti-
tioning of flexible polymers in random fiber arrays. For
linear polymers with many possible conformations,
analyses have been limited to pores of uniform cross
section. In one of the earliest studies, Casassa® showed
that the partition coefficient for a random-flight chain
in a cylindrical pore could be calculated by solving a
partial differential equation analogous to that which
governs transient heat conduction or diffusion in a rod.
That approach was extended later to describe the
partitioning of linear polyelectrolytes in charged pores.®
As discussed in Chandrasekhar,’ such continuum for-
mulations are valid for chains having infinitely many
segments of vanishingly small length. The effects of
finite numbers of chain segments and finite segment
lengths were explored for random-flight polymers in
cylindrical pores by Davidson et al.,® using a Monte
Carlo technique. For a chain with a specified number
and length of segments, a representative population of
chain conformations was generated, and each conforma-
tion tested to estimate the probability of successfully
fitting such a chain in a given pore. For the same radius
of gyration, it was found that values of ® for chains with
finite numbers of segments tended to exceed those
predicted by the continuum formulation. The differences
between the continuum and Monte Carlo results were
often quite large.

A theory for the partitioning of linear polymers in
fiber matrices would be useful, for example, in the
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Figure 1. Left: schematic of a polymer chain interacting with
multiple fibers. Right: computational domain used to evaluate
the probability that a chain will avoid overlap with a given
fiber. A chain with five segments (n = 6), each of length I, is
shown with one end at a distance h from a fiber of radius r.
Cylindrical coordinates (r, z) are centered on the fiber.

analysis of size-exclusion chromatography results, in the
characterization of synthetic membranes, and in the
interpretation of microvascular permeability data ob-
tained using exogenous polymeric tracers (e.g., dextran).
The objective of the present study was to predict values
of @ for dilute solutions of polymers in media consisting
of randomly oriented fibers. Results were obtained both
in the limit of infinitely many segments (using a
continuum formulation) and for finite numbers of seg-
ments (using a Monte Carlo method). After the meth-
odology is described, some general results are presented
to illustrate the effects of radius of gyration, number of
segments, rs, and ¢ on partitioning. The predictions are
then compared with several sets of published data on
the partitioning of linear polymers in gels, and the
strengths and limitations of the theory are discussed.

Model Formulation and Computational
Methods

Overall Formulation. The fibers in the membrane
or gel were modeled as straight, infinitely long cylinders
of radius r;, with random orientations. The macromo-
lecular solutes were represented as chains consisting
of n mass points joined by n — 1 rectilinear segments,
each of length I. For freely jointed chains, the radius of
gyration (rg) is given by?®

[(n - 1)(n+1) 1/2| )

For chains with free rotation of any given segment at a
fixed bond angle, 8, the corresponding result is©

nj-1 —i—

ZL{Z [l—l+2 Z(J—I—k)( cos A (3

The bond angle is defined such that 5 = 0 for a segment
that doubles back on the previous one, and = x for a
straight, rodlike arrangement. The bulk solution was
assumed to be dilute enough that interactions among
polymer chains could be neglected, leaving only polymer—
fiber interactions to be considered.

A key aspect of such systems is that the dimensions
of the polymer chain may exceed typical interfiber
spacings, causing the chain to interact simultaneously
with several fibers, as illustrated in Figure 1 (left). The
position of a flexible polymer is described most conve-
niently by choosing one end of the chain as the locator
point. The fibers in the vicinity of that end of the chain
are then identified as the nearest, second-nearest, third-

Partitioning of Flexible Macromolecules 8505

nearest, etc., to the locator point. In testing whether a
chain with a particular conformation will fit at a given
location, the steric interactions with each fiber can be
viewed as independent events. Accordingly, the partition
coefficient is given by

D =D,0,d,.. = [P, (4)

where ®; is the probability that an arbitrarily placed
chain will successfully avoid overlap with the ith near-
est-neighboring fiber. If p(s) is the probability that a
random-flight chain with one end at a distance s from
the surface of a fiber will not overlap anywhere with
that fiber, and if gi(s) is the probability density function
describing the distance of the ith nearest-neighboring
fiber from an arbitrary point in the fiber matrix, then

®; = [°p(s) gi(s) ds )

In other words, the probability of avoiding a given fiber
is the expected value of p(s), considering all possible
separation distances. Distances here are scaled by the
fiber radius, such that s = h/rt, where h is the dimen-
sional distance to the fiber surface. Because the fibers
are assumed to be of uniform size, the same function
p(s) applies to each. The evaluation of gj(s) is described
next, and then the calculation of p(s) is outlined.

The probability density function for the distance of
the ith nearest-neighboring fiber was derived as follows.
Let D be the nearest distance of a fiber axis from a
reference point. For a population of randomly oriented
fibers in three dimensions, Ogston® showed that the
probability of encountering a fiber in a small interval
A(D?) is 2zCLA(D?), where C is the fiber concentration
(number per unit volume) and 2L is the length of one
fiber. Thus, when distance intervals are expressed in
terms of D? (rather than D), the encounter probability
happens to be independent of the absolute distance, D.
We now imagine a process in which an interval [0, D?]
is covered in m steps, each of “length” A(D?) = DZm.
Because the probability of encountering a fiber in any
one step is constant, the probability of encountering k
fibers in m steps, denoted as Py(m), is given by a
binomial distribution. The probability of encountering
the kth fiber on the mth step, denoted as Fy(m), is the
probability that k — 1 encounters occurred through m
— 1 steps, times the probability of an encounter on the
mth step. It follows from the binomial distribution that

Fy(m) = Xpy(m) ©)

In the limit m — o, P(m) becomes a Poisson distribu-
tion, the parameter in that distribution being m times
the probability of an encounter in one step, or 2zCLD2.11
The probability density function obtained from eq 6 is
then

f(D?) = ((iﬂc'i; YE) (D2l exp(—22CLDY)  (7)
J31(D%) d(D?) = 1 ®)

As shown by eq 8, the distribution in eq 7 is properly
normalized. The probability density function needed in
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eq 5 is obtained by setting D = h + rrin eq 7 and noting
that ¢ = 2aCLr{2. The result is

09 =2 1t 9P expls s (@
K (k — 1)!

Joa®) ds=1 (10)

It is worth noting that the probability density function
derived by Ogston! for the fiber closest to a point is
recovered by setting k = 1 in eq 7. The partition
coefficient for a sphere (eq 1) is obtained by considering
only the nearest fiber (i.e., ® = ®;), and recognizing
that p becomes a step function, with a value of zero for
D < r; + rs and a value of unity otherwise. Only one
fiber is needed because a sphere is excluded whenever
D < r¢+ rs for any fiber, and (by definition) D is smallest
for the nearest fiber.

The computational domain used to evaluate p(s) was
the unbounded region external to a solid cylinder of
radius ry, with the cylinder (fiber) centered at the origin
and aligned with the z axis, as shown in Figure 1 (right).
The cylindrical symmetry ensures that the probability
of finding a macromolecular solute at a given position
depends only on the radial coordinate, r. As described
below, the continuum and Monte Carlo calculations
differed only in the manner in which p(s) was calculated.
In either case, the values of ®; were computed by
evaluating the integral in eq 5 numerically using Bode’s
law.12 The relative error in ® due to the numerical
integration was estimated to be <1% for all cases, which
is negligible compared to the errors associated with the
evaluation of p(s) and with the truncation of eq 4 at a
finite number of terms. The number of terms needed in
eq 4 depended both on 4 and n, as will be discussed; as
many as 90 terms were computed.

Continuum Method. For n — o, p(s) was calculated
by solving a partial differential equation analogous to
that describing transient heat conduction or diffusion
in a region surrounding a cylinder. In this formulation,
locations along a chain are described in terms of a
continuously varying contour length, rather than dis-
cretely numbered mass points. The fractional contour
length is given by 7, such that r = 0 at the locator end
and 7 = 1 at the opposite end. A location on the chain
corresponding to a particular value of 7 is referred to
simply as “point ”. The radial coordinate is scaled with
the fiber radius, such that » = r/rs. The probability of
finding point 7 at position 5, given that no preceding
part of the chain overlaps with the fiber, is denoted as
P(y,7). As discussed in Casassa® and Lin and Deen,b the
differential equation governing P(»,7) is

P A% 9 oP
Ty 817(" 877) (1)

where 4 = rg/rs. The required “initial condition” and
boundary conditions are

P(»,0)=1 (12)
P(1,7)=0 (13)
P(eo,7) =1 (14)

Equation 12 allows the locator end to sample all radial
positions with equal probability;® the “absorbing wall”
boundary condition, eq 13, has the effect of excluding
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all chain conformations that overlap with the fiber;3
and eq 14 expresses the fact that a chain of any size
will not be sterically excluded if it is sufficiently distant
from the fiber.

An analytical solution to the analogous heat conduc-
tion problem has been reported,!* but its form is not
computationally convenient. We found it easier to
evaluate P(n,7) numerically using a finite difference
technique; the Crank—Nicolson method was used.!? Step
sizes were chosen so that the errors associated with the
numerical solution of eq 11 were negligible compared
to the truncation errors in calculating @ (see below).
Once P(n,7) was determined, the probability of success-
fully fitting the entire chain at position  was evaluated
as P(n,1). Given that r = r¢ + h (Figure 1) and s = h/ry,
it follows that

p(s) = P[(1 +s),1] (15)

Monte Carlo Method. For freely jointed chains with
finite n, a Monte Carlo method was used to compute
p(s). Chain configurations were generated by choosing
vectors of length | and random orientation and adding
them end-to-end until the chain had the desired number
of segments. The method used to generate the vectors,
due to von Neumann, is described in Allen and Tildes-
ley.'® For chains with restricted bond angles, the previ-
ous segment was assumed to be aligned with the z axis
of a local coordinate system, the segment extending from
z = | to the origin. Changing to a local set of spherical
coordinates (r, 0, ¢), the end of the current segment was
found by setting r = I, & = 8 and choosing a random
value for ¢ in the interval [0, 27]. The random number
generator used (“ran2” in Press et al.1?) provides about
2 x 108 uncorrelated numbers between 0 and 1; this
was adequate for our purposes, since the maximum
number of calls to ran2 in any one simulation was ~10°.
Each chain configuration was tested by placing one end
at a given dimensionless distance s from the fiber
surface and determining whether any part of any
segment fell within the fiber. The fraction of successful
fits obtained with a large population of configurations
was equated with p(s). The method described in David-
son et al.8 was used to estimate the error in each of the
®;. The error propagation scheme presented in Harris®
was used to estimate the error in ®. Simulations with
5000 chains were sufficient to limit the absolute and
relative errors in @ to <0.01 and <8%, respectively (95%
confidence limit).

The possibility of directional bias in the orientation
of chain segments was examined by computing p(h/l)
for a dumbbell (n = 2) adjacent to a plane wall. (The
separation distance h is scaled here by I, because rr is
infinite.) Because the free end of the dumbbell should
occupy, with equal probability, all points on the surface
of a sphere of radius I, the fraction of allowed configura-
tions is just the fraction of the sphere surface not cut
off by the plane. For a plane located at a distance h (<1)
from the sphere center, the ratio of the truncated to the
complete area gives

B3l o

To test the algorithm used to identify a chain segment
that overlaps with a fiber, p(h/l) was computed also for
a rod adjacent to a long cylinder of radius rs. The
truncated area for this case was computed numerically.
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Figure 2. Probability of successfully placing one end of a
dumbbell (n = 2) of length | at a distance h from a plane wall
or a cylinder of radius rs = I. The results obtained from purely
geometric considerations are seen to agree with those com-
puted using the Monte Carlo algorithm.
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Figure 3. Probability that a freely jointed chain will not
overlap with a fiber, if one end of the chain is placed at a
dimensionless distance s (=h/rs) from the fiber surface. Results
are shown for chains with varying numbers of mass points
(n), but with the same dimensionless contour length, (n — I)-
I/re = 2. The calculations with the continuum model (n = )
assumed that the dimensionless chain radius 4 (=rg/ry) was
0.026, which is the same 4 as for the chain with n = 1001.

The Monte Carlo and geometrical results for the wall
and cylinder cases are compared in Figure 2. As one
would expect, the wall and cylinder yielded the same
limiting values of p. That is, exactly half of the rod
orientations were allowed (p = /,) for h/l — 0, whereas
all were allowed (p = 1) for h/l = 1. Excellent agreement
between the Monte Carlo and geometrical results was
found in both cases, which confirms that the chain-
generation and test-fitting algorithms both performed

properly.
Results

The probability p(s) of successfully placing the end of
a freely jointed chain at a dimensionless distance s from
a fiber is shown in Figure 3. Results are given for
molecules with varying numbers of mass points (n), but
identical dimensionless contour lengths, (n — 1)l/rs. In
each case p — 1 when s is large enough to make steric
interactions negligible. The progressive reductions in p
seen for smaller s reflect the fact that steric exclusion
is more likely for a molecule placed closer to a fiber. Note
that the spatial variations in p for “coarse” chains (small
n) were found to be much more gradual than those for
“fine” chains (large n). That is, increases in n both
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Figure 4. Effect on partitioning of the number of fibers
assumed to be interacting with a single chain (n¢). The
partition coefficients for a two-segment chain (n = 3) and for
the continuum limit (n = «) are plotted as a function of the
radius of gyration divided by the fiber radius (1 = ry/r7). Results
are shown for three values of ny, at a fixed volume fraction of
fibers (¢ = 0.06). For n = o, the curves for ns = 25 and 50 are
indistinguishable.

reduced p(0) and caused p to approach unity more
rapidly as s was increased. Consistent with the “absorb-
ing wall” boundary condition used in the continuum
calculations (eq 13), the Monte Carlo results for n =
1001 gave p(0) = 0. As shown, the entire curve for this
case was in close agreement with the continuum result
computed using the same radius of gyration.

An important issue in computing the partition coef-
ficient (®) is the number of terms required in the
product in eq 4, which corresponds to the number of
neighboring fibers which have some influence on steric
exclusion. Values of ® for freely jointed chains are
shown in Figure 4 as a function of 1 (=rg/ry), based on
5, 25, or 50 fibers. Results are given for a two-segment
chain (n = 3) and for the continuum case (n = »), at a
fixed fiber volume fraction. As expected, ® tended to
decrease with increasing A for either value of n. For a
given 4, the partition coefficient was much smaller for
the continuum model. The curves shown for varying
numbers of fibers indicate that the number of terms
needed to obtain a convergent value of ® increases with
increasing A. For the two-segment chain, 25 fibers were
adequate only for A < 8, whereas for the continuum case,
25 were sufficient for 4 of at least 20. (On this plot, the
results for 25 or 50 fibers with n = « are indistinguish-
able.) More fibers are needed for smaller n because of
the more gradual spatial variations in p (Figure 3). The
increase in ® at large A that is seen in Figure 4 for n =
3 and either 5 or 25 fibers is apparently an artifact
caused by an inadequate number of terms in eq 4.
Except where noted otherwise, in all subsequent results
the number of terms was large enough to make the
estimated truncation error <2% of ®.

The dependence of the partition coefficient on fiber
volume fraction and molecular size is shown in Figure
5. The partition coefficient is plotted here as a function
of ¢ for several values of 4, using results obtained with
the continuum model. As expected, for any given 1 there
was a monotonic decrease in ® with increasing ¢; that
is, increasing the concentration of fibers enhances the
steric exclusion of random-flight polymers, as it does for
spheres (eq 1). For any given ¢, ® decreased with
increasing 4, as seen already in Figure 4.

Figure 6 shows the effects of 1 and n on ®, with the
fiber volume fraction held constant. (This plot is similar
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Figure 5. Effects of fiber volume fraction (¢) and relative
molecular size (1) on the partitioning of freely jointed chains,
based on the continuum model (n = ).

1 d T

Figure 6. Effects of relative molecular size and number of
mass points on the partitioning of freely jointed chains. For
all curves ¢ = 0.06.

to Figure 4, except that results are shown for more
values of n, and 90 fibers were used in each case.) As
mentioned before, ® decreases with increasing n at any
given A. This is qualitatively similar to the results for
random-flight polymers in cylindrical pores;® the pa-
rameter in a pore model that is analogous to 1 is the
radius of gyration divided by the pore radius. The Monte
Carlo results for n = 1000 (not shown) closely ap-
proached those for the continuum model, verifying that
the two approaches are complementary.

Figure 7 shows the effects of the bond angle () and
n on ® (with 4 and ¢ held constant). For any constant
value of n, the partition coefficient first decreased, and
then increased, as the bond angle was increased from 0
to 180°. Similar to the trend seen in Figure 6 for
random-flight chains, ® decreased with increasing n for
any fixed, nonzero bond angle. The special case of § =
0, where the chain folds back on itself at each step,
corresponds to a dumbbell. Thus, the partition coef-
ficient for § = 0 and any even value of n is identical to
that for a random-flight chain with n = 2. At § = 180°
and with n — o, the molecule becomes a solid rod.
Because the mass of a rod is distributed uniformly
thoughout its length, whereas the mass of the dumbbell
is concentrated at the ends, rg for a rod is smaller (by a
factor 1/+/3) than that for a dumbbell of equivalent
length. Thus, for equal values of A, the rod must be
longer, which makes ® smaller (0.51 vs 0.69 for the
conditions of Figure 7). The minimum values of ® for a
given n correspond to bond angles where the contour
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Figure 7. Effects of bond angle (8) and number of mass points
on the partition coefficient. In all cases A = 5 and ¢ = 0.06.
The arrows indicate the limiting results for a dumbbell (n =
2, =0) and a solid rod (n = o, § = 180°).

length of the chain is maximized. The results in Figure
7 suggest that, for n — oo, the partition coefficient would
increase monotonically with increasing S (excluding the
singularity at g = 0).

The Monte Carlo results for random-flight chains are
represented accurately by

® = exp[—(1 + 7*1")¢] (17)
a=1- exp[— nT—Z (18)
_3_ 1 _vVn-2

b= 575 exp’ 3 (19)

These empirical expressions gave values of @ which
were within 0.03 or within 10% of the Monte Carlo
result for ® (whichever was smaller) for all combina-
tions of parameters in Figures 5 and 6. The Monte Carlo
results for a fixed bond angle can be obtained by
representing that chain as an equivalent random-flight
chain. This is done by matching the radius of gyration
and contour length of the two chains, as in the Kuhn
representation (see Discussion).

Discussion

In this study we have extended the fiber—matrix
partitioning model of Ogston! to encompass flexible
polymeric solutes. The fibrous material is envisioned as
an array of rigid cylinders with random orientations,
as in the analysis of Ogston, but the solutes are random-
flight chains or linear chains with bond angle restric-
tions, rather than rigid spheres. To our knowledge, this
work provides the first theoretical predictions for the
partitioning of flexible, linear polymers in fibrous
membranes or gels. Several published sets of data on
the partitioning of linear polymers in hydrogels provide
an opportunity to test the theoretical predictions. Ac-
cordingly, this section is devoted mainly to comparisons
of our theory with the available data.

Dubin et al.}” and Hussain et al.'® measured ® for
pullulan, a linear polysaccharide, in Superose 6 and
Superose 12 (agarose) chromatography media, respec-
tively. Data in polyacrylamide gels include those of Tong
and Anderson®® for poly(ethylene glycol) (PEG), and
those of Williams et al.?® for dextran, a polysaccharide
with varying amounts of branching.
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Table 1. Properties of Hydrogels Used in Partitioning
Experiments?

authors gel re (nm) ¢

Dubin et al.” superose 6 1.9 0.06
(agarose)

Hussain et al.18 superose 12 1.9 0.12
(agarose)

Tong and polyacrylamide  0.33-0.43  0.02-0.14

Anderson*®
Williams et al.?%  polyacrylamide  0.33—0.43  0.03—0.08

a See text for sources for parameter values.

Table 1 summarizes the properties of the gels used
in the experimental studies to be discussed. The impor-
tant gel parameters in steric partitioning are the fiber
radius, ry, and fiber volume fraction, ¢. The value of r¢
= 1.9 nm for agarose is a number-average of fiber radii
reported by Djabourov et al.,?! based on SAXS data.
They found that roughly 87% of the fibers in an agarose
gel have a radius of 1.5 nm, while the remaining 13%
have a radius of 4.5 nm. On the basis of the atomic
structure of polyacrylamide, Weiss and Silberberg??
estimated a fiber radius of 0.33 nm for that polymer.
To allow for the possibility that the effective fiber radius
may be increased by the association of water molecules
with polyacrylamide, we computed results using r¢ =
0.43 nm as well as 0.33 nm. (Because r; for agarose is
much larger, a similar 0.1 nm increase would have
negligible effect on the predicted partition coefficients.)
Volumes fractions in the agarose gels ranged from 0.06
to 0.12, while those in the polyacrylamide gels were
0.02—-0.14.

In keeping with the theory, the polymeric solutes were
represented either as freely jointed chains or as chains
with fixed bond angles. In addition to the bond angle
(if used), each chain was characterized by two indepen-
dent parameters. One of these was always the measured
radius of gyration (rg). Among the possible choices for
the remaining independent parameter are (i) the seg-
ment length (1), (ii) the number of mass points (n), and
(iii) the contour length [(n — 1)I]. For freely jointed
chains, we used either | or (n — 1)l. When | was the
parameter of choice, it was equated with the persistence
length of the polymer and denoted as I,; the correspond-
ing number of mass points (computed from rg and Iy) is
denoted as np. When the contour length was specified,
as suggested by Kuhn (see Kratky?3), we set (n — 1)l =
(ImM)/Mp, where M is the polymer molecular weight,
My is the monomer molecular weight, and |, is the
length of a monomer. For chains with fixed bond angles
we tried all three approaches: equating segment length
with monomer length (I = I), computing n from the
degree of polymerization (ng = Mw/Mny + 1), or fixing
the contour length as described above. It was found that
the Kuhn and fixed-bond-angle representations gave
virtually identical partition coefficient predictions, so
that the Kuhn results are not shown in the figures that
follow. Also, the fixed-bond-angle model gave the same
results using all three approaches for selecting the final
parameter. In presenting the results for that model, n
will be treated as the specified parameter.

Table 2 lists the parameter values for the solutes
under consideration. For PEG with molecular weights
of 5 and 12.6 kDa, ry = 2.2 and 3.6 nm, respectively.?*
The persistence length of PEG was taken to be 0.9 nm,2*
the bond angle used was 110°,° and the monomer
molecular weight is 44 Da. For pullulan, ry was obtained
by extrapolating a least-squares fit to the ry vs M data
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of Kato et al.?> and Nordmeier.26 Most of the estimates
of pullulan persistence length cluster around 1.6 nm.27:28
The bond angle (8) was taken to be 116° 2° and the
monomer molecular weight is 312 Da. The dextrans
studied by Williams et al.?° had Stokes—Einstein radii
ranging from 1.5 to 8.7 nm. The corresponding range of
rg was estimated as 2.2—11.3 nm.*® The persistence
length for dextran is 2—3 nm, the larger values of I,
corresponding to the smaller molecular weights.3! The
bond angle used for dextran was 116°2° and the
monomer molecular weight is 228 Da. In each case the
estimates of n were rounded to the nearest integer.

The predicted partition coefficients are compared with
the data of Tong and Anderson!® for PEG/polyacryla-
mide in Figures 8 and 9. Each plot shows the effects of
variations in fiber volume fraction, for a single solute
size. It is seen that the calculated partition coefficients
were affected less by the choice of model used to
represent PEG (freely jointed chain or chain with fixed
bond angle) than by the assumed fiber radius. The best
results were obtained with the larger fiber radius, which
corresponds roughly to a polyacrylamide chain sur-
rounded by a monolayer of associated water. The
predictions were somewhat more accurate for the smaller
PEG (Figure 8).

Figure 10 compares the predictions for pullulan/
agarose with the data of Dubin et al.'” and Hussain et
al.’® For each of these sets of data, the independent
variable was solute size. Because the freely jointed chain
and the chain with fixed bond angles gave virtually the
same results, only the latter curves are shown. It is seen
that the predictions were accurate for the smaller
pullulans (A < 3) but that the theory tended to under-
estimate @ for the larger sizes. One possible source of
error in the predictions is that we modeled agarose as
an array of fibers with a uniform radius, whereas (as
discussed above) SAXS data suggest that the actual
distribution of fiber radii is bimodal. However, for
spherical molecules of comparable size to the pullulans
considered here, ® has been calculated to decrease by
about 10% if a two-fiber representation of agarose is
used. Thus, the effects of a mixture of fiber sizes are
expected to be small in this case and in the wrong
direction to explain the discrepancies in Figure 10.

The predicted values of ® for dextran/polyacrylamide
are compared with the data of Williams et al.?20 in
Figures 11 and 12. Each plot is based on variations in
molecular size, with a fixed volume fraction of fibers.
(The comparisons shown are for ¢ = 0.03 or 0.06 only;
the results for ¢ = 0.08 are qualitatively similar.) For
the dextrans the parameter values were such that there
was a very noticeable difference between the results for
freely jointed chains and chains with a fixed bond angle,
with the former giving larger predicted values of ®.
Neither model performed well over a large range of
molecular sizes, although the freely jointed chain (using
the persistence length) gave reasonably good results for
the smaller dextrans (rqy < 3 nm). As with the pullulan/
agarose system, the predicted values of ® underesti-
mated what was measured for the larger dextrans. Data
for even larger dextrans were reported by Williams et
al.,, but the maximum number of fibers we could
accommodate (n; = 90, due to computer limitations)
confined the range of sizes to what is shown in Figures
11 and 12.

It is not entirely surprising that the results were
poorest for dextran, in that dextran is the least ideal of
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Table 2. Properties of Test Solutes Used in Partitioning Experiments?

Np ng
authors solute M (kDa) rg (Nnm) Ip (Nnm) lg (nm) f (deg)
Tong and Anderson'® PEG 5-12.6 2.2—-3.6 30—-90 120—290 110
0.9 0.3
Dubin et al.,}” Hussain et al.18 pullulan 5-200 2.1-17 10-700 20—-610 116
1.6 1.1
Williams et al.?® dextran 2—-160 2.2-11.3 3-170 10—-700 116
2-3 0.7-1.0
a See text for sources for parameter values.
1 T T T T T 1 T — T T T
e PEG/polyacrylamide e Pullulan/agarose, ¢ = 0.06
L Freely jointed (v, = 0.33 nm) 3 w | Fixed bond angle, ¢ = 0.06 ]
08 -~ -Fixed bond angle (r, = 0.33 nm) l 08 - .. o P_ullulan/agarose, =012
— — - Freely jointed (r, = 0.43 nm) i PN — — Fixed bond angle, 9 =0.12
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Figure 8. Measured and predicted partition coefficients of 5
kDa PEG in polyacrylamide gels of varying concentration. The
symbols are the data of Tong and Anderson.'® The curves are
the Monte Carlo predictions for a freely jointed chain (n = 33)
or a chain with a bond angle of 110° (n = 115). In each case
the calculations were done for “bare” (r = 0.33 nm, 1 = 6.6)
and “hydrated” (r; = 0.43 nm, 1 = 5.1) polyacrylamide; see text
for details of parameter estimation.

1 - T
o PEG/polyacrylamide
o8- | Freely jointed (r, = 0.33 nm)
--~--Fixed bond angle (r, =0.33 nm) {1
L ~ — -Freely jointed (r, = 0.43 nm)
0.6 \ —---Fixed bond angle (r = 0.43 nm) i
L \\
@ O
04 b
02 - bl
0 ==
0 0.02 0.04 0.06 0.08 0.1

Figure 9. Measured and predicted partition coefficients of
12.6 kDa PEG in polyacrylamide gels of varying concentration.
The symbols are the data of Tong and Anderson.?® The curves
are the Monte Carlo predictions for a freely jointed chain (n
= 89) or a chain with a bond angle of 110° (n = 287). In each
case the calculations were done for “bare” (r = 0.33 nm, 1 =
11) and “hydrated” (rf = 0.43 nm, 1 = 8.4) polyacrylamide; see
text for details of parameter estimation.

the test solutes considered. In particular, the branching
of this polysaccharide becomes progressively more promi-
nent as its molecular weight increases.3? That the
behavior of dextran is anomalous is suggested by the
results in Figure 13, which compares partitioning data
for PEG, pullulan, and dextran in gels with ¢ = 0.06.
The curves shown are predictions for a solid rod and
for a freely jointed chain with many segments. Whereas
the PEG/polyacrylamide and pullulan/agarose data are
seen to follow much the same relationship between @
and A, the values of ® for dextran are much larger,

Figure 10. Measured and predicted partition coefficients of
pullulans of varying size in agarose gels. The symbols are the
data of Dubin et al.!” and Hussain et al.*8 for ¢ = 0.06 and ¢
= 0.12, respectively. The curves are Monte Carlo predictions
for a bond angle of 116° and rs = 1.9 nm. The number of mass
points increased with increasing molecular size, as indicated.

1 T T T

e Dextran/polyacrylamide
--------- Freely jointed (r, = 0.33 nm)
08 I § . " -----Fixed bond angle (r, = 0.33 nm)
R — — -Freely jointed (r, = 0.43 nm)
06 - \} ~~_  *| . Fixed bond angle (r, = 0.43 nm)
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02 T~ R 4
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Figure 11. Measured and predicted partition coefficients of
dextrans of varying size in polyacrylamide gels with ¢ = 0.03.
The symbols are the data of Williams et al.?° The curves are
the Monte Carlo predictions for a freely jointed chain (n =
3—20) or a chain with a bond angle of 116° (n = 14—92).

falling near (or above) the limiting curve for a solid rod.

It should be noted that the present theory does not
account for the effects of solvent quality. For example,
a polymer with given values of bond angle and monomer
length will have a radius of gyration given by eq 3 only
under © conditions. However, it was found that, for
PEG, specifying the measured value of ry and setting |
= Im gave a value of n — 1 that was quite close to the
actual degree of polymerization. Reasonable consistency
was obtained also with pullulan. This indicates that
applying eq 3 to PEG or pullulan (each in water) led to
minimal errors. The calculated value of n — 1 for
dextran was much less satisfactory, probably due to its
branched structure.



Macromolecules, Vol. 33, No. 22, 2000
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Figure 12. Measured and predicted partition coefficients of
dextrans of varying size in polyacrylamide gels with ¢ = 0.06.
The symbols are the data of Williams et al.?° The curves are
the Monte Carlo predictions for a freely jointed chain (n =
3—20) or a chain with a bond angle of 116° (n = 14—92).
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Figure 13. Comparison of the partitioning of various poly-
mers in gels with ¢ = 0.06. The symbols are the data of Tong
and Anderson,*® Dubin et al.,*” and Williams et al.?° for PEG/
polyacrylamide, pullulan/agarose, and dextran/polyacrylamide,
respectively. The curves shown are limiting results for a solid
rod (n = o, § = 180°) and for a freely jointed chain with many
segments (n = o, § unrestricted).

In summary, we have developed a theory for the
equilibrium partitioning of dilute solutions of flexible,
linear polymers in fibrous membranes and gels. In this
theory the fibrous material or gel is characterized by
two parameters, the fiber radius and fiber volume
fraction, and the polymeric solutes are described by a
radius of gyration, a number of mass points per chain,
and (if desired) a bond angle. Although the fibrous
material and flexible polymer were each represented
very simply, and only steric interactions were consid-
ered, the theory was found to be moderately successful
in predicting experimental values of partition coef-
ficients.
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